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RULED HYPERSURFACES WITH CONSTANT MEAN CURVATURE
IN COMPLEX SPACE FORMS
MIGUEL DOMI´NGUEZ-VA´ZQUEZ AND OLGA PE´REZ-BARRAL
Abstract. We show that ruled real hypersurfaces with constant mean curvature in the
complex projective and hyperbolic spaces must be minimal. This provides their classifi-
cation, by virtue of a result of Lohnherr and Reckziegel.
1. Introduction
A classical theorem of Catalan states that the only ruled minimal surfaces in the Eu-
clidean 3-space are planes and helicoids. This result has been extended in several directions
in the context of space forms. In particular, Barbosa and Delgado [3] proved that there are
no ruled hypersurfaces with nonzero constant mean curvature in nonflat space forms other
than the 3-sphere. This contrasts with the existence of many minimal examples, which
were completely described in [2].
In the context of submanifold geometry of complex space forms, a ruled real hypersur-
face is a submanifold of real codimension one that is foliated by totally geodesic complex
hypersurfaces. The aim of this note is to prove the complex analog of the result in [3]
mentioned above.
Main Theorem. Let M be a ruled real hypersurface with constant mean curvature in a
nonflat complex space form. Then, M is minimal.
Minimal ruled hypersurfaces in the nonflat complex space forms, that is, in the complex
projective and hyperbolic spaces, CP n and CHn, have been classified by Lohnherr and
Reckziegel [10] (see also [1]) into three classes:
(i) Clifford cones in CP n or CHn,
(ii) bisectors in CHn, and
(iii) Lohnherr hypersurfaces in CHn.
Here, by a Clifford cone we mean a singular hypersurface constructed as a cone over a
homogeneous minimal hypersurface S1 × S2n−3 in a geodesic sphere; see [9]. Equivalently,
it is constructed by attaching totally geodesic complex hyperplanes CP n−1 (resp. CHn−1)
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to a geodesic in a totally real and totally geodesic 2-plane RP 2 (resp. RH2). A bisector
in CHn is the geometric locus of points equidistant to two given points [5, p. 446]. A
Lohnherr hypersurface (also called a fan) is the only complete ruled hypersurface of CHn
with constant principal curvatures [10]. It is also the unique minimal hypersurface which
is homogeneous, that is, an orbit of an isometric action on CHn [4]. Different alternative
descriptions of these examples can be found in [1], [8] and [11].
Thus, our Main Theorem, combined with the results in [1] and [10], yields the classifi-
cation of ruled hypersurfaces with constant mean curvature in the complex projective and
hyperbolic spaces. Notice that, in the flat setting, the classification of ruled hypersurfaces
with constant mean curvature follows from the results in [2] and [3].
2. Preliminaries
In this section we settle some notation and terminology concerning the theory of real
hypersurfaces in complex space forms. For more information, we refer to [5] and [12].
Let M be a smooth hypersurface of a Riemannian manifold M¯ . Since the arguments
that follow are local, we can assume that M is embedded and take a unit normal vector
field ξ on M . We denote by 〈 · , · 〉 the metric of M¯ , by ∇¯ its Levi-Civita connection, and
by R¯ its curvature tensor, which we adopt with the following sign convention: R¯(X, Y )Z =
[∇¯X , ∇¯Y ]Z −∇¯[X,Y ]Z. The shape operator of M (with respect to the unit normal ξ) is the
endomorphism S of TM defined by
SX = −(∇¯Xξ)
⊤,
where X is a tangent vector of M , and (·)⊤ denotes the orthogonal projection of a vector
onto the tangent space to M . The Levi-Civita connection of M is denoted by ∇, and is
determined by the Gauss formula
∇¯XY = ∇XY + 〈SX, Y 〉ξ.
In this paper, we will need one of the second order equations of submanifold theory, namely,
the Codazzi equation, which is written as
〈R¯(X, Y )Z, ξ〉 = 〈(∇XS)Y, Z〉 − 〈(∇Y S)X,Z〉, X, Y, Z ∈ Γ(TM).
Hereafter, by Γ(·) we denote the module of smooth sections of a distribution on M .
The shape operator S is a self-adjoint endomorphism with respect to the induced metric
on M , and thus it can be diagonalized with real eigenvalues. These eigenvalues are called
the principal curvatures of M , the corresponding eigenspaces are the principal curvature
spaces, and the corresponding eigenvectors are the principal curvature vectors. If λ is a
principal curvature of M , we denote by Tλ its corresponding principal curvature space.
The mean curvature function of M is the trace of the shape operator S.
From now on, we will assume that M¯ = M¯n(c), where M¯n(c) represents a complex space
form of complex dimension n and constant holomorphic sectional curvature c ∈ R, that
is, a complex projective space CP n if c > 0, a complex Euclidean space Cn if c = 0, or
a complex hyperbolic space CHn if c < 0. Let J denote the complex structure of M¯n(c).
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Since M¯n(c) is Ka¨hler, we have that ∇¯J = 0. We will also make use of the formula of the
curvature tensor R¯ of a complex space form of constant holomorphic sectional curvature c:
〈R¯(X, Y )Z,W 〉 =
c
4
(
〈Y, Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉
+ 〈JY, Z〉〈JX,W 〉 − 〈JX,Z〉〈JY,W 〉 − 2〈JX, Y 〉〈JZ,W 〉
)
.
Let M be a real hypersurface of M¯n(c), that is, a submanifold with real codimension
one. The tangent vector field Jξ is called the Hopf or Reeb vector field ofM . We define the
integer-valued function h onM as the number of the principal curvature spaces onto which
Jξ has nontrivial projection or, equivalently, as the dimension of the minimal subspace of
the tangent space to M that contains Jξ and is invariant under the shape operator S.
Thus, M is said to be Hopf if h = 1 on M , that is, if Jξ is a principal curvature vector
field everywhere.
A real hypersurface M of M¯n(c) is said to be ruled if it is foliated by totally geodesic
complex hypersurfaces of M¯n(c). In other words, M is ruled if the orthogonal distribution
to the Hopf vector field Jξ is integrable and its leaves are totally geodesic submanifolds
of M¯n(c). Locally, ruled hypersurfaces are embedded, but globally they may have self-
intersections and singularities. See [11] for more information on ruled real hypersurfaces.
3. Proof of the Main Theorem
Let M be a ruled real hypersurface in a nonflat complex space form M¯n(c), c 6= 0, with
(locally defined) unit normal vector field ξ.
Proposition 3.1. Let p ∈ M such that h(p) 6= 1. Then h(p) = 2, M has exactly two
nonzero principal curvatures α, β at p, both of multiplicity one, and 0 is always a principal
curvature of M . Moreover, Jξp = au+ bv for u ∈ Tα(p), v ∈ Tβ(p) and a, b ∈ R such that
a2 + b2 = 1 and
a2 =
α
α− β
, b2 =
β
β − α
.
Proof. Fix p ∈ M . By [5, Proposition 8.27] (see also [1]) we know that S(Jξ)⊥ ⊂ RJξ,
and hence, the shape operator S of M at p satisfies
SJξp = λJξp + µz, Sz = µJξp, Sw = 0,
for a certain unit vector z ∈ TpM orthogonal to Jξp, and for all w ∈ TpM perpendicular
to Jξp and z. Let α and β be the eigenvalues of S restricted to the invariant subspace
RJξp⊕Rz, and u, v some corresponding orthogonal eigenvectors of unit length. Thus, one
can write Jξp = au + bv for some a, b ∈ R with a
2 + b2 = 1. Moreover, a 6= 0 6= b since
h(p) 6= 1 by assumption and, hence, we must have h(p) = 2. Then
λ = 〈SJξp, Jξp〉 = 〈aαu+ bβv, au+ bv〉 = a
2α+ b2β.
Moreover, we have that λ = α+ β due to the invariance of the trace of S. Both equations
imply that α 6= β, since otherwise this would give us that α = λ = 2α, producing α = β =
0, which contradicts h(p) 6= 1. Finally, combining again both equations with a2 + b2 = 1
we obtain the formulas for a2 and b2 in the statement. 
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It is known that ruled hypersurfaces in a nonflat complex space form cannot be Hopf
[5, Remark 8.44]. This implies that no open subset of a ruled hypersurface M in M¯n(c),
c 6= 0, is Hopf. Thus, by virtue of Proposition 3.1, h = 2 on an open and dense subset U
of M . Again by Proposition 3.1 we know that, at each point, U has exactly two distinct
nonzero principal curvatures. Altogether, U has exactly two nonzero principal curvature
functions α and β, both of multiplicity one at every point. We also have Jξ = aU + bV for
some unit vector fields U ∈ Γ(Tα) and V ∈ Γ(Tβ) and smooth functions a, b : U → R with
a2 + b2 = 1. Let k denote the constant mean curvature of M , so k = α + β on U . Thus,
again by Proposition 3.1, we have that
(1) a2 =
α
2α− k
, b2 =
k − α
k − 2α
.
In particular, since h = 2 on U , Equation (1) implies α 6= 0 6= k − α at every point of U .
From now on we will work on the open and dense subset U of M .
Proposition 3.2. With the notation above, there exists A ∈ Γ(T0) such that
Jξ = aU + bV, JU = −bA− aξ,
JA = bU − aV, JV = aA− bξ.
Proof. The proof of [6, Lemma 3.1] (see also [7, Proposition 3.1]) adapts to our setting
with very minor modifications. 
Proposition 3.3. The Levi-Civita connection of U satisfies the following equations:
∇UU = −
ab(c + 8α(k − α))
4α
A, ∇UV =
c+ 4kα
4(2α− k)
A,
∇V V =
ab(c + 8α(k − α))
4(k − α)
A, ∇V U =
c+ 4k(k − α)
4(2α− k)
A.
Moreover:
(2) Uα = V α = 0, and Aα =
ab
2
(c+ 4α(α− k)).
Proof. Using the fact that U and V are orthogonal eigenvectors of the shape operator S
with respective eigenvalues α and β = k − α, we have
〈(∇US)V, U〉 = 〈∇USV − S∇UV, U〉 = 〈∇U((k − α)V ), U〉 − α〈∇UV, U〉 =
= 〈−(Uα)V + (k − α)∇UV, U〉 − α〈∇UV, U〉 = (k − 2α)〈∇UV, U〉.
Similarly, using the fact that 〈∇VU, U〉 = 0 since U has constant length, we have that
〈(∇V S)U, U〉 = 〈∇V SU − S∇V U, U〉 = 〈∇V (αU), U〉 − α〈∇VU, U〉 = V α.
Moreover, the expression for the curvature tensor of a complex space form, taking into
account the relations in Proposition 3.2, yields 〈R¯(U, V )U, ξ〉 = 0. Therefore, the Codazzi
equation applied to the triple (U, V, U) gives us
(3) 0 = (k − 2α)〈∇UV, U〉 −
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Analogously, the Codazzi equation applied to the triple (V, U, V ) yields
(4) 0 = (k − 2α)〈∇VU, V 〉 − Uα.
Now, using the fact that ∇¯J = 0, the definition of the shape operator, the relation Jξ =
aU + bV , 〈U,∇UU〉 = 0 and 0 = U〈V, U〉 = 〈∇UV, U〉 + 〈V,∇UU〉, we have
Ua = U〈Jξ, U〉 = 〈∇¯UJξ, U〉+ 〈Jξ,∇UU〉 = 〈J∇¯Uξ, U〉+ 〈Jξ,∇UU〉
= 〈SU, JU〉+ 〈aU + bV,∇UU〉 = b〈V,∇UU〉 = −b〈∇UV, U〉.
By multiplying this relation by 2a and taking into account that
2aUa = U(a2) = U
(
α
2α− k
)
= −
kUα
(2α− k)2
,
we deduce that
(5) 0 = kUα − 2ab(2α− k)2〈∇UV, U〉.
Analogously, the relation V a = V 〈Jξ, U〉 implies
(6) 0 = kV α + 2ab(2α− k)2〈∇V U, V 〉.
Equations (3), (4), (5) and (6) constitute a homogeneous linear system in the unknowns
〈∇UV, U〉, 〈∇V U, V 〉, Uα and V α. Some calculations using (1) show that the determinant
of the matrix of this system is (k − 2α)4 6= 0. Hence, the four unknowns must vanish,
which implies
(7) 〈∇UV, U〉 = 〈∇VU, V 〉 = 〈∇UU, V 〉 = 〈∇V V, U〉 = 0, Uα = V α = 0.
In particular, we obtain the first equations in (2).
Now, using similar arguments as above one shows that the Codazzi equation for the
triple (U,A, U) reads
0 = 〈R¯(U,A)U, ξ〉 − 〈(∇US)A,U〉+ 〈(∇AS)U, U〉 = −
3
4
abc + α〈∇UA,U〉+ Aα,
from where we get
(8) 〈∇UA,U〉 =
1
4α
(3abc− 4Aα).
Similarly, from the Codazzi equation for the triple (V,A, V ) we obtain
(9) 〈∇VA, V 〉 =
1
4(k − α)
(−3abc + 4Aα).
On the other hand, using ∇¯J = 0, Proposition 3.2 and (8) we have
0 = U〈Jξ, A〉 = 〈∇¯UJξ, A〉+ 〈Jξ,∇UA〉 = 〈SU, JA〉+ 〈aU + bV,∇UA〉(10)
= αb+ a〈U,∇UA〉+ b〈V,∇UA〉 = αb+
a
4α
(3abc− 4Aα)− b〈∇UV,A〉,
and similarly, using (9),
(11) 0 = V 〈Jξ, A〉 = (α− k)a+
b
4(k − α)
(−3abc + 4Aα)− a〈∇V U,A〉.
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Writing the Codazzi equation for the triple (U, V, A), and using the expressions for 〈∇UV,A〉
and 〈∇VU,A〉 given by (10) and (11), together with (1), we obtain
0 = 〈R¯(U, V )A, ξ〉 − 〈(∇US)V,A〉+ 〈(∇V S)U,A〉 = −
c
4
+ (α− k)〈∇UV,A〉+ α〈∇VU,A〉
= −
c
4
+ (α− k)
(
α +
3a2c
4α
−
aAα
bα
)
+ α
(
α− k −
3b2c
4(k − α)
+
bAα
a(k − α)
)
=
(
α2b2 + (α− k)2a2
abα(k − α)
)
Aα +
c
2
+ 2α(α− k) = −
Aα
ab
+
c
2
+ 2α(α− k),
from where we get the last formula in (2). Inserting the expression for Aα in (2) into the
equations (8), (9), (10) and (11), and using (1), we get
〈∇UU,A〉 = −
ab(c + 8α(k − α))
4α
, 〈∇UV,A〉 =
c+ 4kα
4(2α− k)
,(12)
〈∇VU,A〉 =
c+ 4k(k − α)
4(2α− k)
, 〈∇V V,A〉 =
ab(c+ 8α(k − α))
4(k − α)
.
Now, let W ∈ Γ(T0⊖RA) be a unit vector field in the 0-principal curvature distribution.
Then, the Codazzi equation applied to the triples (U,W,U) and (V,W, V ) yields
(13) α〈∇UW,U〉 +Wα = 0, (k − α)〈∇VW,V 〉 −Wα = 0.
Expanding the equations 0 = U〈Jξ,W 〉 and 0 = V 〈Jξ,W 〉 in the same way as we have
done several times above, and using the expressions for 〈∇UW,U〉 and 〈∇VW,V 〉 given by
(13) we obtain
(14) 0 = b〈V,∇UW 〉 −
aWα
α
, 0 = a〈U,∇VW 〉+
bWα
k − α
.
Finally, inserting the expressions for 〈∇UV,W 〉 and 〈∇V U,W 〉 given by the equations (14)
into the Codazzi equation applied to the triple (U, V,W ) and using (1) we derive, after
some calculations, that Wα = 0. This, together with (13) and (14), implies
〈∇UU,W 〉 = 〈∇V V,W 〉 = 〈∇UV,W 〉 = 〈∇V U,W 〉 = 0.
Since W ∈ Γ(T0 ⊖ RA) is arbitrary, these relations, (7) and (12) yield the covariant
derivatives in the statement of the proposition. 
Now we can conclude the proof of the Main Theorem.
According to the discussion before Proposition 3.2, there is an open and dense subset
U of M where h = 2. Propositions 3.2 and 3.3 hold on this open subset. By (2), the
definition of the Lie bracket of M yields
(15) [U, V ](α) = U(V α)− V (Uα) = 0.
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On the other hand, using the fact that the Levi-Civita connection of M is torsion-free, and
inserting the expressions for ∇UV , ∇V U and Aα given in Proposition 3.3, we obtain
[U, V ](α) = (∇UV )α− (∇V U)α =
(
c+ 4kα
4(2α− k)
)
Aα+
(
c+ 4k(k − α)
4(k − 2α)
)
Aα
= kAα =
kab
2
(c+ 4α(α− k)).(16)
Assume that the mean curvature k of M is nonzero. Then, since on U we have a 6= 0 6= b,
(15) and (16) imply that c+4α(α−k) = 0, from where we deduce that α is constant on U
and, by the density of U onM , also onM . Therefore, M has constant principal curvatures.
Then, the work of Lohnherr and Reckziegel [10, Remark 5] (or the classification of real
hypersurfaces with constant principal curvatures and h = 2 [6], together with their explicit
principal curvatures [4]) implies that M must be congruent to the Lohnherr hypersurface
in CHn, which is minimal. Hence, k = 0, which gives us the desired contradiction.
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